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ON THE DETERMINATION OF THE ASYMPTOTIC 
DEVELOPMENTS OF A GIVEN FUNCTION 

By "Walter B. Ford 

1. Introduction. The determination of the asymptotic developments 
of a given function is usually a problem of considerable difficulty and, when 
regarded in a general sense, is one for which but fragmentary results exist at 
the present time. The known determinations appear to be either those for 
special functions such as Bessel's function Jn{z)* or for certain types of inte- 
gral functions defined either by infinite products or by Maclaurin series. t 
The importance of such developments is, however, well known. In particu- 
lar, 'i^f{z) be an integral function of z defined by means of a Weierstrass 
product,! the point 2 = qo will in general be essentially singular and there 
will be no direct means of determining the behavior of/(2) in the neighbor- 
hood of this point since the given product is not adapted in form to the study 
of the function when \z\ is large. Such determinations are often important 
and are supplied as soon as the asymptotic developments are known. Like- 
wise, asymptotic developments in general supply information regarding the 
behavior of functions in the neighborhood of the point infinity. 

The problem, when stated in a precise form and in the one which 
we shall understand throughout the present paper, may be described 
as follows : Let F{z) be a given function of the complex variable z defined 
throughout the finite 2 plane and such that (a) the point 2 = 00 is an essen- 
tially singular point; and (h) when |2| is sufficiently large and arg 2 lies with- 
in some specified sector A there exist two functions/^ (2) and <l>),{z), defined 
for values of 2 in A and such that for the same values of 2 

(1) -'^(2)=/a(«)+9x(2)|_«o,a + ^- + ^+- • •+^;r:rr + ^ii J' 

• Cf. Lommel, Studien iiberdie Bessel'schen Functionen § 17 (18G8). 

tCf. Barnes, Philosophical Transactions, Vol. 199 A, pp. 411-500 (1902); also Vol. 
206 A, pp. 249-297 (1906). Each of these memoirs contains an excellent bibliography of the 
subject. Cf. also Mattson, Contributions a la Thiorie des Fonctions entieres. (Thfese) Upsal, 
1906. 

X Cf . Plcard, Traiti d^ Analyse, Vol. II, pp. 140-143. 

(115) 
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where ao_x» «i,a) •••««, a (** arbitrary) are constants and 

To determine the functions fx{z) , <f>^(z) and the constants a^^^, ai_ >,,•■■ a„_ ^.t 
In the present paper it is proposed to show how the so-called Maclaurin 
sum-formula may be used in some cases to solve the above problem. J For this 
purpose we shall apply the formula to a variety of special functions ^(z) . 
No attempt will be made to obtain theorems of great generality, the belief 
being that a few illustrations will suffice to enable the reader to apply the 
method wherever possible for himself. In each of the cases considered only 
the functions_/^(3), <f>;,(z) and the first one of the constants CTq.x) ''i.aj • • • «n,x 
which is not equal to zero are determined since these three determinations 
constitute what is essential to the study of the behavior of the function for 
large values of |2| . The method, however, permits equally of the determina- 
tion of a„ ;^when 7i = 0, 1, 2, 3, • • •. 

2. The Maclaurin Sum-Formula. The foi-m in which we shall take 
the sura-formula above referred to is as follows :§ 'Letf(x) be a function of 
the real variable x which together with its first 2k derivatives (i' S 1) is finite 
and continuous throughout the interval a; S 0. || Also, let 

* It may be remarked that a function F(z) may frequently be written as a linear combi- 
nation of expressions of tlie form (1) wlien \ z \ is snfBciently large and arg z is properly 
cliosen, as in the case of Bessel's function J (z)(cf. Lommel 1. c). In such cases the result- 
ing development is liltewise said to be asymptotic, but in the present paper we shiill confine 
ourselves to the primary form (1). 

t Frequently the proof of the existence of (6) constitutes a separate preliminary problem. 
This is the case for the functions considered in the present paper where both the existence and 
determination of the developments (1) are considered. 

X This formula likewise constitutes the central feature of the method employed by Barnes 
in the first of the memoirs cited above (1. c. p. 444). The form in which it there occurs is 
essentially different, however, from that which we adopt, the latter appearing preferable be- 
cause it takes into account the remainder, thereby rendering possible a greater degree of rigor 
and clearness in the deductions ; also because certain restrictions present in the former case may 
be dispensed with, reference being here made especially to those imposed upon (t>(z) (1. c, §41'). 

§ Cf. Markoff, Differenzenrechnung (Leipzig, 1896), pp. 98, 99, 132. Throughout we 
shall take ft = 1. 

II No conditions are explicitly stated by Mnrkoff as regards the function f(x), but it ap- 
pears from the analysis of pp. 112, 113, 114 that the conditions which we here impose are suffi- 
cient. 
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MO = ^ + ^1 777— TT. + A TT— oTi + • • • + A-i<. 



fg <9 — 1 <9 — 2 

gl + ^' (^31)1 + ^^ (^— 2)! 
where Ai = - i, A3 = A^ = A^ = ■ • . = A2g + i = 



and A _(lJO!l!A 

-Sg representing the qth Bernoulli number. 
Then, whenever the series 

(2) n,{m)= 2 i •^''''^"' + '^ ~ 0<^2*(0'^< (»« s «) 

n=L 

converges we may write 

(•^) S A«')= Ci- + / /(a=)^a: + AA^)+ ^2f{m) + AJ"'{m)+ • • • + 

X ^ a 

where Cj, is a constant (independent of rti) defined by the equation 
Ci = -[^i/(a)+ A,f{a)+AJ"\a) + • • • + A,,_,f<~'^^-^){a)+ fl,(a)]. 
For the important case in which h = \ the formula becomes 

(4) Z^A^)=0+ f(x) dx - J/(»rj) + n, (m) , 

* = <» 

where C = i/(«)— ^^(a) . 

3. Application to the Study of Asymptotic Developments. 

Example 1. To obtain asymptotic developments for the function 






-^ (2n+l)2 
"We here choose a function which, by virtue of the well known formula 



tan z 

n = 0- ' ■ 



-2 



118 








FORD 




may 


readily 


be evaluated 


in the form 










F{z)= 


1tZ 

IT e '■* — c 


1TZ 

T 




42 "' 


vz 










e* +e 


i 



[April 



thus enabling us to compare the results obtained with known facts. 

Considering at first that z is real but difi'erent from zero, let us place 

•^(^> = (2x+l)^ + .^ ' A;=l,a = 0. 

Then the series (2) is convergent. In fact, upon observing that ^^{t) is 
negative for all values of t between t = and < = 1, we may apply the first 



law of the mean for integrals and write the nth term of the series — viz. : 

I P^{m + n-t)4>.{t)dt, 
where the indicated second derivative is with respect to w — in the form 

/(2)(m + n-e) f 4>^(t)dt = - tV /(2> (m+ n-e) (0 < < 1) 

from which the indicated result readily appears. 

Likewise it appears that the nth term of the series (2) approaches the 
limit zero when wi = oo and hence that "™ flj(»i) = 0. 

Upon employing formula (4) and placing m = <x> ; also noting that 
lim f/fn) = 0, we thus obtain 

m = » 

ri (Jx 1 

^^(^) =i i2x + iy + z^ + HTV^) + ^(^) 

where 

We note also that since each term of the series (5) when multiplied by z van- 
ishes when 2 = ± CO , we shall have "™ zB(z) = 0. 

» = ±00 
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Moreover, if in particular z is positive we may write 

ri dx 1 r X 2a;+lT» = " tt 1 1 

/ T^ TTi o = s- *rc tan = — - arc tan - , 

yo (2a; +1)2 + 22 22 L z J^^o 42 22 2' 

so that for large positive values of 2 we obtain 

(6) i^(2) = J + l^; ,i'^„.(.)=0. 

This last result may now be generalized to all values of 2, real or complex, 
lying in any sector A whose vertex is at the point 2 = and whose bounding 
lines lie within the right half of the 2 plane, the neighborhood of the point 
2 = being always understood to be excluded. To see this we first note that 
the series appearing in (5) not only converges, as we have indicated, for values 
of 2 which are real and different from zero, but for all values of 2 in A the 
convergence is likewise seen to exist and to be uniform. Moreover, each 
term of R{z) is analytic throughout A. Thus it follows that R{z) is itself 
analytic in this region.* Whence, by taking A so large that it includes the 
portion of the positive real axis in which (6) holds, the two members of the 
same equation come to represent two functions of the complex variable 2, 
each analytic throughout A and coinciding when 2 is real, and therefore coin- 
ciding throughout A. Furthermore, since for values of 2 in A each term of 
R{z) when multiplied by 2 approaches the limit zero when \z\ = 00 , it fol- 
lows that ""™ zR(z) — from which we conclude that for the same values 

|«|=oo ^ / 

of 2 we may write ''"^ e(z\ = 0. 

• I 2| =00 ^ ' 

On the other hand, when z is real and negative we obtain in like manner 
F(z) =_-!!:+ lifl ; lim e(2) = lim e(2) = 

and by i*easoning as before we find that this equation holds true for all values 
of 2 (2 = excluded) within any sector lying in the left half of the 2 plane, it 

being understood that ''"^ is then replaced by 



"^ is then replaced by ''™ 
Thus, in summary we reach the following conclusion ; 



According as-- + ri^argz^--r) or ^ + r} ^ arg z ^ -^ - V, V 
t Cf. Osgood, Encyklopadie, II 2, p. 21. 
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being arbitrarily small and positive, we may write when \z\> 



IT 

Tz 



[l + 6(^)1 

For the two sectors above mentioned the function Fiz) thus possesses 
asymptotic developments for which, in the language of §1, we may take re- 
spectively /i (2) = 0, (^1(2) = 1, ao,] = 0, ai_i = ^ and f^^z) = 0, 

77" 

^2(2) = 1> «o,2 = 0, ai_2 = — — . In case more of the coefficients a„i or 

a„_2 are desired they may be obtained by using larger values of A; in ap- 
plying (3). 

4. Example 2. The preceding result may readily be generalized as 
follows : Let 



<^> ^^^>= 2 x^^ 



where X„, >t„ when considered throughout the continuous domain n S 
are such that (o) both are continuous; (b) both possess continuous first and 
second derivatives which remain less in absolute value than a constant ; 



W iL°L^« = + -. 



< a constant, p being a constant > 5 ; (rf) 



I fi„ I < a constant. 

The immediate application of (4) then shows that when z is real but dif- 
ferent from zero we may write 

dx 1 fif) 






where li" 2i2(z) = 0. If we now add the fifth hypothesis that (e) 

for all values of n sufficiently large (n S: no = a constant) the first deriva- 
tive X'n of \„ shall be positive and always greater than a constant different 
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from zero, it appears directly that the integral 



/ 



will vanish like - when z = ± oo . In fact we shall then have 

z 



Jo ^x + " Jo ^x+ '' y»„ ^x + 



z' 



of which the first term in the second member vanishes like -» when 

z^ 

z = ± X , while the second maj' be written in the form 

where L is the greatest value taken by -!— fi when « S n, and where 

- 1 < ^< 1. 

In particular, when z is positive we may therefore write 



where 



r i^xd- 

Jo K + 



2 = + oo 



We may now carry out the generalizations of this result as in the pre- 
ceding example, thus reaching the following conclusion : 

According as -'^+ t) ^ arg z ^'^- v or '^+ i, = org z ^ -^ - rj, t] 

being arbitrarily small and positive, the function Fiz") defined by (7) may be 
put into the form 

( ffi + K^)! ,« , 

^ I ar, , ,-| ^=+" Jo Xl + jr' l«l=» ^ ' 
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it being assumed throughout that \z\ > and that the above indicated condi- 
tions (a), (b), (c), (d) and (e) are satisfied. 

This result is evidently of especial value in all cases where the integral 

ix^dx 



r. 



is either known or is capable of easy calculation, as in example 1. 

It may be added that in order to be assured by the method that the func- 
tion e(2) is developable in the precise form called for by (1), where n is 
supposed to be arbitrary, it would be necessary to extend condition (6) to 
derivatives of all orders. 

5, Example 3. To obtain asymptotic developments for the function 

As in example 1, this function may be evaluated beforehand and is equal to 

e« _ g—irz 



.n=:m — 1 nszm— 1 



27r« 

thus furnishing a check on our subsequent results. 
We begin by writing 

(8) logF(z)=^\og\l + '^^ 

M = l n = l -■ 

From the familiar asymptotic expansion for log j (m — 1 ! ) j f ^e have at 
once 

ns=m — 1 

(9) ~2 2 ]og?i = - 2 logj(m - l)!j 

n = l 

= — log 27r — 2(m — J)log m + 2m + cbi(wi) ; Ijj" <oi(w) = • 

We proceed to apply formula (4) to the first summation in the last mem- 
ber of (8), taking for this purpose f{x) = log(a;- + z^) and supposing for the 

* Cf . Barnes 1. c. (first memoir) § 50. 

t Cf. Bromwicli, InHnite Series (1908), §179. 
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present that z is real but diflferent from zero. The formula may be applied 
since the series (2) becomes 

il,(m) = 2 / 1 rf^ l«g (^-^ + ^') I Ut)dt 

n = \J^ '- 'x = m + n — t 

and this is readily seen to be convergent when we apply the first law of the 
mean for integrals to its nth term (cf. example 1). Likewise we see that 
lim fl,(m) = 0. 

Formula (4) thus gives 

(10) 2 l«gK + ^')=j( log(m2 + 2^)f/m-ilog(m2 + 22)H-ni(m) + 

+ h log(l + 2^)+ R (z) 
where 

(11) R{z) = - Sl,{\) =-J^ U—log (x^ + z^) Mt)dt. 

n = 1 "'* "^ ■' X = H — < -I- 1 

By combining relations (8), (9) and (10) and then making use of the 
relation 



log(»n* + z^)dm = m log(m2 + z^) — 2m + 2z arc tan 



m 

z 



- log(l + z^) + 2 -2z arc tan-, 

z 



we obtain 



\og F(z) = -\og2Tr -i log(l + z^) - 2z arc tan - + 2 + R(z) + 

j™ ^^ _ j)log(l +^,)+ 2z arc tan ^ + «,(m) + ni(m)J. 
Moreover, we have 

and, supposing at first that z is positive, we shall have 

lim ^ 

"™ 2^ arc tan — = ttz 

771 ^ OD 5J 
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and hence 

(12) log F(z)= -\og2vz + TTz - ilogfl + ^ + 2(1 - 2: arc tan -V 72(2), 

This result may now be generalized, as in example 1, for all values of 



z (z = excluded) for which — ^ + n ^ arg 25^ + »;, and for such values 

it appears directly from (11) that .}^]^^ -Riz) = 0. Also, for the same values 
of z we have 
lim 

and hence 



I = « 1«^ (1 + .-0 = ^' 1^1 = == (' - ' ''' ^"'^ i) = ^' 



log F{z) = - log 27r2 + TO + 7,(2) ; , ji^ 7;(2) = 0. 



lim 
On the other hand, when 2 is negative we have, instead of (12), 

log F(z) = - log(- 27rz) - TTZ - J log ^1 +-^+ 2 A - 2 arc tan -^ +Ji(z). 

Thus we reach the following result : 

According as-- + r]^argz'^--r) or - + 1, = arg z ^ — - rj, 
1} being arbitrarily small and positive, we may write when 1 2 1 > 

[l-e(2)] 



F (Z-) =1 "'"^ "- -■ , ^™ e(2) = 0. 



Z 1=00 

I 1 _ c(y\ I 

27r2 



6. Example 4. In generalization of the last result we shall merely 
point out certain consequences of the method as applied to the function 



«=oor «,2-i 



where \„ when considered throughout the continuous domain n S 1 satisfies 
the following conditions : (a) never vanishes ; (6) is continuous ; (c) has 
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continuous first and second derivatives which remain less in absolute value than 
a constant ; and (d) "'^ — = a constant ± 0. 

^ ■' n — 'K fi 

We begin by writing 

[a = CT — 1 n = m — 1 ~1 

2 log (X1 + 2^-2 2 ^Og^nl- 
» = 1 nr- 1 J 

From (4) we have 

n ^m — 1 »jjj 

(14) - 2 2 ^«g K = <^- log \^™(?m + log \^ + a,i(m) ; j™ «i(m) = 
where 

(15) c = - logXi + 2 ^ n^^log ^4 '^^^'>'^'- 

Again, if z be real but different from zero, the application of (4) to the 
first summation on the right in (13) gives 

™ = m--l 

(16) 2 ^«= (^" + ^) = / log (K, + ■^)dm - i log (\^ + z') 

+ ni(m) + J log (\l +z') +B(z); j™ I2i(m) = 

where 

(17) iJ(,) = _V r{;£log(X| + ^)] UOdt. 

Moreover, by an integration by parts we obtain 

log (\l + z')dm = mlog (XL + ^) - log (Xf + ^^ 

r 

where X^, denotes the derivative of X„ with respect to m. 

Let us now make use of (14) and (15) in relation (13) and subsequently 
expand by means of (18) the second term in the second member of (14) and 
the first term in the second member of (16). 



r"' mX„X{„dm 
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Upon placing »i = =o in the result we obtain 

log F{z) ^K-i log(M + z^) + ^''l \^li%^ + ^(^) 

where K — c + 2 log Xj. 

If we now introduce the additional hj'pothesis that for all values of n 
greatei- than some constant Jiy we shall have \J, S 0, we find directly in the 
manner already indicated in example 2 that according as z is positive or neg- 
ative we shall have 

logi^(.)=f{{-;"=;+f'^^:+<^) ; l™ e(.)= li°^ e(.)=0 
where 

(19) «^=^i+„ ^r "^^'""^"^ 



and, if we now proceed as in the previous examples, we may generalize this 
result into the following : 

According a« — - + j? ^ arg z ^- — rj or -4.77S arg 2 = -5 Vj 

T) being arbitrarily small and positive, we may write when \z\ > Q 



where Oj = e^' anc? «2 ^'"^ constants. 

As a noteworthy special consequence of this result, obtained from it by 
making the substitution z — iz {i — ^ — \) and expanding the resulting ex- 
ponential functions by De Moivre's theorem, we note the following : 

Let <1'(2) be any function of the complex variable z expressible in the form 



«= 00 p g2-] 

«'(^)= n i-d 

11 = 1 L '^-jij 



in which \„ when considered throughout the continuous domain ngl satisfies 
the following conditions: (a) never vanishes^ {b) is continuous; (c) has 
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continuous first and second derivatives of which the first eventually becomes and 
remains positive, while both always remain less in absolute value than a con- 
stant; (d) _ — = a constant different from zero. 

According as tj ^ arg z ^ ir — rj or — ir + tj ^ arg s ^ — Vt V being 
arbitrarily small and positive, we may write when |2| > 

!— [sin a.^z — i cos a^z] [1 + «(^)] 
— [sin a^z + i cos a.^'] [1 — e (2)] 

where aj and a^ are constants. 

7. It will be readily perceived tiiat the method employed in the preced- 
ing examples has a wide field of applicability. While we shall not attempt to 
carry the subject further, it may be noted that information may, in general, 
be thus obtained concerning the behavior for large values of |2| of any func- 
tion F{z) defined by a series of the form 

11 = a 

when, by taking h sufficiently large, it can be shown that the series 



m ^ a 



is convergent for all values of 2 in a certain real region, while for the same 

values of 2 it can be shown also that ""^ fl,.(m) = 0. In such cases we may 

apply at once formula (3) after which, upon letting m = co , we obtain an ex- 
pression for F{z) which yields the desired asymptotic behavior when z is con- 
fined to the preassigned real region. By studying the properties of the same 
expression, we may usually generalize the result so as to obtain the asymp- 
totic behavior for one or more sectors of the z complex plane. 
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